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Resonantlike phenomenon in short-pulse free-electron-laser oscillators
with modulated desynchronism

Oscar G. Caldero´n,* Takuji Kimura, and Todd I. Smith
Stanford Picosecond FEL Center, Hansen Experimental Physics Laboratory, Stanford University, Stanford, California 94305-4

~Received 8 February 2001; revised manuscript received 24 July 2001; published 18 December 2001!

Recently a new method of controlling the pulse length of a short-pulse free-electron laser~FEL! has been
developed. By modulating the synchronism between the optical and electron pulses in the FEL cavity, it was
found that the output power and the micropulse length of the FEL beam oscillates at the modulation frequency.
In this paper, we study theoretically the behavior of the micropulse length, both in the high loss~steady state!
regime and the low loss~limit cycle! regime, when a modulated desynchronism is applied. In order to do this,
we analyze the dynamics of a short-pulse FEL oscillator. The modulation frequency value plays an important
role in the dynamics. We find that there is a resonantlike phenomenon between the externally applied desyn-
chronism modulation and the limit cycle oscillation without modulation of a free-electron laser.

DOI: 10.1103/PhysRevE.65.016504 PACS number~s!: 41.60.Cr, 42.65.Sf, 42.60.Jf
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I. INTRODUCTION

Free-electron-laser~FEL! oscillators driven by short elec
tron pulses exhibit a large variety of nonlinear behavi
such as limit cycles, chaos, and super-radiance@1–3#. In FEL
oscillators successive electron pulses periodically enter
wiggler, where they copropagate with the stored opti
pulse. By varying the desynchronism (dL) between the pe-
riodic beam injection and the round trip time of the radiati
in the cavity, it is possible to control the overlapping betwe
the radiation and electron pulses during many round-trips
fact, a finite desynchronismdL is necessary to maintain syn
chronism between electron and optical pulses in the ca
because of the effect of laser lethargy, which causes the
troid of the optical pulse to travel slower than the speed
light in vacuum.

During the past few years there has been much intere
the topic of generating and controlling short FEL puls
@2–8#. Jaroszynskiet al. @9# and Bakkeret al. @4# have dem-
onstrated the method of switching an FEL rapidly betwe
high gain and high power regimes using dynamical des
chronism techniques. In a recent work@10,11# it has been
shown that modulating the desynchronism provides a n
method of controlling the pulse length of an FEL. It w
found that the output power and the micropulse length of
FEL beam oscillates at the modulation frequency and that
minimum micropulse length during the cycle can be sign
cantly shorter than that can be obtained without modulat
It was observed using the Stanford midinfrared FEL t
when dL is modulated by a few microns at 40 kHz, th
measured FEL micropulse length varies as a function of
phase relative to the modulation from a minimum of 300
to a maximum of 800 fs. When the modulation is turned o
the micropulse length is about 700 fs. These measurem
were made at a wavelength of 5mm and the relevant FEL
parameters are given in Table I. This extreme behavior

*Permanent address: Departamento Optica, Universidad C
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related with the operation of the FEL for part of the cycle
the normally inaccessible portion of the output power cu
where the gain is less than cavity losses@11,12#.

In their work, Jaroszynskiet al. @13# have shown that the
instabilities associated with the limit cycle and chaotic b
havior can be examined by periodically adjusting the cav
desynchronism. They observed resonances at limit cycle,
period-multipled frequencies. Limit cycle oscillations in
short-pulse FEL, as a result of a periodic, self-replicat
micropulse structure on successive cavity transits, were
predicted by Colson in 1982@14#. The first conclusive ex-
perimental evidence was demonstrated in 1993@2#. It was
shown that the period of the self-sustained oscillation is cl
to the time a micropulse takes to advance by the slipp
distanceLs , i.e., the distance over which the electrons s
back relative to the light field as they traverse the wiggl
Therefore, the value of the characteristic limit-cycle fr
quency is

f lc.
dL
Ls

f FEL , ~1.1!

where 1/f FEL is the roundtrip cavity time. Piovellaet al. @7#
interpreted this limit cycle as a competition between sup
modes. These supermodes are the eigenvectors of the li
ized system, that is, in the small gain regime.

m-

TABLE I. Usual Stanford midinfrared FEL parameters.

Electron energy (g0) 64.6
Peak electron current (I b) 13 A
Electron pulse length (Lb) 390 mm
Undulator period (lw) 3.1 cm
Number of undulator periods (Nw) 72
Roundtrip cavity time 1/f FEL 84.6 ns
Normalized wiggler vector potential (aw) 0.83
Radiation wavelength (l) 5 mm
Slippage length (La) 360 mm
Gain parameter (g) 0.283
Cavity loss (a0) 0.03
©2001 The American Physical Society04-1
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In this paper, we study theoretically the behavior of t
micropulse length when a small modulation of the des
chronism is applied. We analyze the dynamics of an F
oscillator both in the high loss and the low loss regime,
means of the short-pulse FEL oscillator equations@7,8,11#.
We observe that in the low loss regime, a resonantlike p
nomenon between the desynchronism modulation and th
trinsic oscillation without modulation of a free-electron las
occurs. When the frequency of the modulation matches
of the limit-cycle oscillation, a minimum micropulse leng
is obtained. In the high loss regime, we find that a sm
modulation modifies the micropulse length dynamics of
FEL. We find a characteristic frequency of modulation th
produces a large amplitude of the oscillation of the mic
pulse length.

II. THEORETICAL MODEL

In a short-pulse FEL oscillator, an optical pulse circula
in a cavity between two reflecting mirrors and interacts w
a new electron pulse during each pass along thez axis of a
Lw5Nwlw long wiggler, wherelw is the wiggler period and
Nw the number of wiggler periods. The length of the electr
pulseLb is considered much smaller than the slippage len
Ls5lNw , where l5lw(11aw

2 )/(2g0
2) is the resonant

wavelength of the radiation,aw is the normalized wiggler
vector potential, andg0 the beam energy in rest mass un
mc2. We describe the radiation field in the cavity by i
slowly varying complex amplitudeA(z,t). The set of FEL
equations can be written as~see Refs.@7,8,11#!

]A

]t
2n

]A

]j
1

a

2
A5hB, ~2.1!

]B

]j
52 iD , ~2.2!

]D

]j
52A2 iSB22iQD12iQ2B, ~2.3!

]Q

]j
52@AB* 1c.c.#, ~2.4!

]S

]j
522@AD* 1c.c.#, ~2.5!

whereh51 for 0,j,1 andh50 elsewhere.
In the above equations,j5(ct2z)/Ls is the position

within the optical pulse in units of the slippage length. T
roundtrip numbern is considered as a coarse-grained tim
variable, t5gn. n52dL/(Lsg) is the normalized cavity
detuning, a5a0 /g, where a0 is the cavity loss, and
g5(Lb /Ls)g0. The small signal gain parameterg0 is
related to the fundamental FEL parameterr @15# by
g05(4prNw)3. The amplitudeA is normalized such tha
uAu254pNwg0Pin(z,t)/Pe , wherePin(z,t) is the intracav-
ity optical power, andPe5mc2g0(I b /e) is the electron
beam power, withI b the peak electron current. We have us
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in these equations a collective variable description@16#, i.e.,
B5^exp(2iu)&, D5^p exp(2iu)&, Q5^p&, and S5^p2&,
wherep5]ju, andu the electron phase.

Equations~2.1!–~2.5! have been solved numerically usin
a finite difference method. The initial beam is assumed to
monochromatic and unbunched, while the initial energy s
isfies the FEL resonant condition. Atj50 the initial condi-
tions are given byB5D5Q5S50. We assume a cavity
detuningn.0, that meansA(j51,t)5A0, whereA0 char-
acterizes the level of spontaneous emission@7,8#. The initial
field is assumed to match the level of spontaneous emiss
A(j,t50)5A0. We define the dimensionless ouput powerP
as

P~t!5E
2`

1`

djuA~j,t!u2. ~2.6!

We utilize the experimental parameters of the Stanf
midinfrared FEL~see Table I!. The value for the gain param
eterg5(Lb /Ls)g0 is chosen such that the theoretical grow
rate of the optical power in the linear regime matches tha
the experimental result. The value is determined to beg
50.283, g050.26. Further calculation using these valu
shows good agreement between experiment and theory
the output power vs desynchronism curve~see Ref.@11#!.
The typical value for the cavity loss isa050.03, i.e.,a
50.106. In the experiment, the cavity loss is determined
fitting the falling edge of the optical macropulse to a log
rithmic curve. At this high loss value the FEL operates in t
steady state regime~no limit cycle! where a constant inten
sity and micropulse length is reached. These constant va
depend on the cavity detuningn.

A. Modulated desynchronism

We consider a periodically time-dependent cavity detu
ing n as follows:

n5n01
Dnm

2
sinS 2p f m

g f FEL
t D , ~2.7!

wheren0 is the average cavity detuning, andDnm and f m the
modulation amplitude and modulation frequency, resp
tively. This modulation of the cavity detuning can b
achieved using the following property: the magnetic chica
of the Stanford FEL are nonisochronous, i.e., higher el
trons pass through them more quickly than the lower ene
ones. The effect is calculated to be 0.03 ps/keV. It means
a modulation of the energy beam is translated into modu
tion of the electron bunch repetition frequency@10#. If the
energy modulation takes the form (DE/2)cos(2pfmt), where
DE is the peak-to-peak energy modulation in keV, then
fractional change in the electron bunch repetition freque
is given by

D f

f FEL
51.53102142p f mDEsin~2p f mt !. ~2.8!

Since a change in the repetition frequency has the same
fect as the cavity length detuningdLm5Lcav(D f / f FEL), with
4-2
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RESONANTLIKE PHENOMENON IN SHORT-PULSE . . . PHYSICAL REVIEW E 65 016504
Lcav512.7 m, an equivalent cavity length can be calcula
from Eq. ~2.8!. If we compare this cavity length detuning
dL5dL01dLm , with Eq. ~2.7! we find that the modulation
amplitude is equal to Dnm54Lcav1.5310214

32p f mDE/(gLs).
Figure 1 shows the results obtained in our previous w

@11#. Plotted is the temporal evolution of the output pow
when the electron beam energy is modulated with a sm
amplitude at a frequency of 40 kHz. Both experimental a
theoretical curves are shown. These power signals prese
periodic oscillation with the same frequency as the modu
tion. An intuitive explanation of this behavior is that there
a nearly linear one-to-one mapping of the FEL intensity
the detuning~given by the detuning curve! and therefore it is

FIG. 1. ~a! Experimental and~b! theoretical optical power sig
nals as a function of time with a desynchronism modulation~a!
dLm50.4 mm, ~b! dLm50.5 mm. The average desynchronism
dL051.5 mm (n050.03). The flat curves are for situations with
out the energy modulation.
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not too surprising to observe an amplitude modulation of
FEL at the modulation frequency. Since the micropu
length of an FEL operating in steady state is a monotonic
increasing function of the cavity detuning parameter,
same argument leads to the expectation that the microp
length will oscillate periodically at the modulation frequenc
When the modulation amplitude becomes large enough, s
that the detuning reaches very small values, outside the e
sion region, where the gain is less than cavity losses,
linear one-to-one mapping disappears and new frequen
appear due to the nonlinearity of the mapping@11#. In this
extreme regime it was found that the optimum frequency
obtaining short pulse with high power was around 40 k
@11,12#.

In this paper we look theoretically for a dynamical co
pling between the regular operation of the FEL~inside the
emission region! and the modulated desynchronism. At th
least, such coupling is expected for the small loss case, w
the FEL is operating in the limit-cycle regime, as in Re
@13#. As two periodic movements are taking place, the intr
sic oscillation of the FEL~limit-cyle oscillation! and the ex-
ternal modulation of the cavity detuning, it would be surpr
ing if the system dynamics were not influenced when the t
frequencies were nearly the same.

III. SMALL LOSS REGIME, LIMIT-CYCLE REGIME

As we said above, a small loss value leads to a limit-cy
regime, where the output power develops a periodic osc
tion. In Ref.@7# is shown a phase diagram~see Fig. 7 of Ref.
@7#! in a and n of the different regimes, where the regio
leading to limit cycles can be seen. We consider the typ
Stanford midinfrared FEL parameters~see Table I! but in
order to get the limit-cycle regime we decrease the cav
loss toa050.0113. Figure 2 shows the optical power, av
aged over one limit-cycle period~dotted line!, together with
the minimum and maximum of the oscillation~dashed line!
as a function of the cavity detuningn. The limit-cycle regime
occurs over the whole range of the detuning curve. The
quency of this limit-cycle oscillationf lc is a function of de-
tuningn, as shown in Fig. 2 with a solid line. This frequenc
follows a linear behavior with the cavity detuning in agre
ment with Eq.~1.1!, i.e., f lc.0.5g f FELn.
FIG. 2. Optical powerP, averaged over a
limit-cycle period ~dotted line!, and maximum
and minimum amplitudes~dashed lines!, vs cav-
ity detuning fora050.0113. The limit cycle os-
cillation frequency~solid line! vs cavity detuning
is also shown.
4-3
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FIG. 3. Temporal evolution of
the optical power~a!, ~c!, ~e! and
its power spectrum~b!, ~d!, ~f! for
a modulation frequency~a!, ~b!:
f m530 kHz; ~c!, ~d!; f m548.3
kHz; ~e!, ~f!: f m570 kHz. The pa-
rameters are a050.0113,
n050.02, andDnm50.002.
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A. Modulated desynchronism in small loss regime

In this section we study theoretically the effect of mod
lated desynchronism in the small loss regime. We study
behavior of the optical power when a small modulation a
plitude is applied (Dnm50.002 ordLm50.1 mm) at differ-
ent modulation frequencies (f m510–80 kHz!. Figure 3
shows the temporal evolution of the optical power and
corresponding power spectrum for different modulation f
quencies atn050.02. For f m530 kHz andf m570 kHz, a
multiperiodic oscillation occurs in the optical power@see
Figs. 3~a!, 3~b!, 3~e!, and 3~f!#, being the two fundamenta
frequencies the frequency of the modulation@Figs. 3~a! and
3~b! f m530 kHz and Figs. 3~e! and 3~f!, f m570 kHz# and
the corresponding limit-cycle frequency of the FEL witho
modulation atn50.02, f lc.48.3 kHz~see Fig. 2!. Com-
binations of both frequencies,f m6 f lc , are also found. This
result means that the well-known periodic oscillation of FE
without modulation ~limit-cycle oscillation! still appears
when the cavity detuning is modulated. Therefore, two d
ferent movements are governing the FEL dynamics; the
trinsic limit-cycle oscillation, that is the natural oscillation o
the FEL, and a periodic movement due to the external fo
ing of the cavity detuning~modulated desynchronism!. Now,
a natural question arises; What will happen when the mo
lation frequency matches the frequency of the limit-cy
oscillation? The result is shown in Figs. 3~c! and 3~d!. Now,
only one peak and its harmonics appear. In this case
frequency of the external forcing of the cavity detuni
matches the intrinsic oscillation of the FEL, therefore a re
nance phenomenon is expected. These resonances
found experimentally by Jaroszynskiet al. @13# where they
measured the peak macropulse power as a function of
modulation period of the desynchronism.

We are going to study how this resonance affects the
havior of the micropulse. It is well known that the micro
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pulse has structure in the limit-cycle regime without cav
detuning modulation. As was remarked by Chaix in Ref.@8#,
for each period the micropulse evolves in the following wa
the gain drops first at the tail, while the optical field st
grows at the head, reaches a high level, and is finally eva
ated forward by the cavity detuning, thus allowing a ne
start-up of the gain at the tail. In order to analyze the beh
ior of the micropulse we compute the micropulse length
each time taking the maximum peak and calculating
length of this subpulse. Figure 4~solid line! shows the mi-
cropulse structure when the minimum micropulse leng
Lmin.452 fs, is reached atn50.02.

We analyze the minimum micropulse length,Lmin when
the cavity detuning is periodically modulated.Lmin versus the
modulation frequency is shown in Fig. 5 for a small mod
lation amplitudeDnm50.002 (dLm50.1 mm), at two dif-
ferent average cavity detunings. In both cases,Lmin is nearly
constant and close to the value without modulation throu

FIG. 4. Micropulse shape,A(j,t), corresponding to the mini-
mum micropulse length without modulation~solid line!, and with
modulation the minimum micropulse length~dotted line! at f m

548.3 kHz, and the maximum~dashed line! at f m545 kHz.
4-4
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RESONANTLIKE PHENOMENON IN SHORT-PULSE . . . PHYSICAL REVIEW E 65 016504
most of the range of modulation frequencies. Hovewer, w
f m comes close to the limit-cycle frequency associated w
its average cavity detuningf lc , Lmin changes noticeably. A
minimum value is reached whenf m matches the limit-cycle
frequency. Its corresponding micropulse shape can be se
Fig. 4 ~dotted line!. Around this minimum@see Fig. 5# two
maximum peaks, situated on both sides of the minimu
appear. The micropulse shape giving one of this maxim
peaks is shown in Fig. 4~dashed line!.

Before continuing, we would like to point out that th
resonant curve (f m ,Lmin) is similar to the typical resonan
curve that appears in the Farady effect@17# when plotting the
rotated angle of the plane of polarization vs field frequen
This curve is the resultant of two equal and opposite opt
rotatory dispersion curves for two adjacent electronic abs
tion bands, since the natural oscillation frequency of
electron splits into two lines symmetrically disposed ab
the central line. Therefore, it shows a minimum at the ori
nal frequency and two maximum peaks situated at the
splitting lines. The same behavior is found in our proble
As we mention above, the limit-cycle frequency is a functi
of the cavity detuning,f lc}n, ~see Fig. 2!. Therefore, when
we modulate the cavity detuning, the natural frequency
the FEL without modulationf lc gets broader around its valu
so there is a range of modulation frequenciesf m that reso-
nate. The distance between the two maximum peaks rou
measures the spectral width of the limit-cycle oscillatio
Then, this spectral width should depend on the modula
amplitude value since more frequencies are incorporate
the limit-cycle oscillation asDnm increases. As we can see
Fig. 5, where the modulation amplitude is the same for b
curves, the distance between the two maximum peaks is
most the same for both curves, in agreement with our
pothesis. To check if this distance depends on the modula
amplitude we plot in Fig. 6Lmin vs f m at n050.02 for two
different modulation amplitudes. It can be seen in this fig
how the spectral width, i.e., the distance between the
maximum peaks, increases as the modulation amplitude
creases.

FIG. 5. Minimum micropulse lengthLmin vs modulation fre-
quency,f m , for low lossa050.0113 at two different average cavit
detunings;n050.02 ~solid line! and n050.022 ~dashed line!. The
modulation amplitude isDnm50.002. The dotted lines represent th
minimum micropulse length without modulation.
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From the previous results it is clear that a type of reson
phenomenon is taking place in the small loss regime, si
two periodic oscillations coexist. Howewer, in the high lo
regime both the power and the micropulse shape sho
steady state. Therefore, it is not obvious that any kind
resonance phenomenon will occur when an external mod
tion of the cavity detuning is applied.

IV. HIGH LOSS REGIME, STEADY STATE REGIME

In this section we theoretically study the FEL dynamics
the high loss regime. We consider a high loss valuea0
50.03. The Stanford FEL typically operates with this lo
value. In this regime, both the output power and the mic
pulse shape remains constant, i.e., the FEL operates in st
state, and shows no limit-cycle behavior. In Fig. 7 we p
the optical power and the micropulse length as a function
the cavity detuning. We can see in this figure how the mic
pulse length follows a roughly linear behavior with the ca
ity detuning,L}n.

A. Modulated desynchronism in high loss regime

In this section we study theoretically the effect of th
modulated desynchronism in the high loss regime. We a

FIG. 6. Minimum micropulse lengthLmin vs modulation fre-
quency, f m , for low loss a050.0113 at two different modulation
amplitude;Dnm50.002~solid line! andDnm50.003~dashed line!.
The average cavity detuning isn050.02. The dotted line represen
the minimum micropulse length without modulation.

FIG. 7. Optical powerP and micropulse length vs cavity detun
ing for high lossa050.03.
4-5
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OSCAR G. CALDERÓN, TAKUJI KIMURA, AND TODD I. SMITH PHYSICAL REVIEW E 65 016504
lyze the micropulse length when the modulation is appli
As we saw in Fig. 7, the micropulse length changes with
cavity detuning. For very small modulation frequency t
system follows the detuning adiabatically, and the mic
pulse length reaches a minimum at the minimum detun
and vice versa. We assume a very small amplitude of mo
lation,Dnm50.002 (dLm50.1 mm). For the adiabatic cas
( f m very small! this detuning modulation gives an oscillatio
of the micropulse length with an amplitude approximate
equal toDL[(Lmax2Lmin).20 fs ~see Fig. 7!. In Fig. 8 we
plot the amplitude of the micropulse length oscillation vs t
modulation frequency. Each curve corresponds to a diffe
average cavity detuning. Small modulation frequenc
present the expected abiabatic behavior, with an amplit
DL.20 fs. An enhancement of the oscillation amplitude
the micropulse length occurs for modulation frequencies
tween 30 and 65 kHz. In this frequency range the oscillat
amplitude of the micropulse length increases dramatic
above the adiabatic case. We define the modulation
quency that gives the maximumDL as f maxDL . As we can
see in Fig. 8 this frequency value follows a linear behav
with the average cavity detuning, as does the limit-cycle
cillation in the low loss case. This result suggests that so
sort of resonance phenomenon is taking place between
internal dynamics of the FEL and the driven desynchron
modulation. Then a natural question arises: what is the in
action? Since in this high loss regime a steady state
present, the internal frequency should be present on the
poral evolution of the complex optical field. Therefore, t
solutions of Eqs.~2.1!–~2.5! with constant amplitude~for the
steady state! are of the form@8#

A~j,t!5exp~ i2pVt !A~j![expS i
2pV

f FELg
t DA~j!,

~4.1!

whereV is the frequency of the complex optical field osc
lation. We plot in Fig. 9 the temporal evolution of the re
part, the imaginary part, and the modulus of the comp

FIG. 8. Amplitude of the micropulse length oscillation,DL
[Lmax2Lmin , vs modulation frequencyf m for high loss a0

50.03 at different average cavity detuning;~i! n050.03, ~ii ! n0

50.028, ~iii ! n050.025, ~iv! n050.023, and~v! n050.02. The
modulation amplitude isDnm50.002. The inset showsf maxDL vs
the average cavity detuningn0.
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optical field at an arbitrary position (j50.5) for a cavity
detuningn50.016 (dL50.8 mm). Here we see that both
Re A(j50.5,t) and ImA(j50.5,t) exhibit an oscillatory
evolution with a period close to 22ms. Since the phase o
the real and imaginary components are separated by a
stantp/2, the modulus describes a steady state behavio
agreement with Eq.~4.1!. It means a slow natural frequenc
of the complex optical field is present even in the steady s
regime. As this oscillation does not appear in the modulus
the optical field,uA(j,t)u, it does not affect the micropuls
shape and the output power evolution. To check if this na
ral frequencyV is responsible for the resonance pheno
enon found in the high loss regime, we have analyzed
behavior with cavity detuning and found the same linear
pendence as forf maxDL . These results are consistent with th
interpretation that the micropulse length oscillation is m
strongly influenced by the modulation when its frequency
near the natural oscillation frequency of the complex opti
field A(j,t) that appears without modulation.

We point out that the natural oscillation frequency of t
complex optical fieldV exhibits the same behavior as th
limit-cycle frequency that appears in the low loss regim
suggesting a strong connection between the two oscillatio

V. CONCLUSIONS

We have studied theoretically the effect of modulated
synchronism and its relation to intrinsic FEL dynamics. T
modulation of desynchronism provides a new method
controlling the pulse length of an FEL@10,11#. The minimum
micropulse length during a cycle can be significantly shor
than can be obtained without modulation. We have stud
the behavior of the micropulse length when a small modu
tion of the desynchronism is applied. We analyzed the
namics of an FEL oscillator both in the high loss~steady
state! and the low loss~limit-cycle! regimes by means of the
short-pulse FEL oscillator equations. In the low loss regim
a resonantlike phenomenon between the external modula
of desynchronism and the intrinsic limit-cycle oscillation
the FEL takes place. When the modulation frequen
matches the limit-cycle frequency a minimum of the micr

FIG. 9. The temporal evolution of the real part~solid line!, the
imaginary part~dotted line!, and the modulus~dashed line! of the
complex optical field,A(j,t), at an arbitrary position (j50.5) for a
cavity detuningn50.016 (dL50.8 mm).
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pulse length is found. This minimum micropulse length
reached in each cycle of the modulation signal.

In the high loss case, when desynchronism modulatio
applied, we find that the oscillation of the micropulse leng
is maximum for modulation frequencies in the tens of kH
and that the modulation frequency that provides the ma
mum effect is a linear function of the detuning length. In th
high loss case, where the FEL shows a steady state wit
modulation, the natural periodic movement that couples w
the external cavity detuning modulation is the oscillation
the complex optical field. This frequency does not affect
output power and the micropulse shape. We found that
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natural frequency shows the same behavior as the limit-c
frequency, suggesting a connection between the two.
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